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1. Introduction

The idea of fractional calculus is as old as traditional calculus (see [1]). Until recently, research on
fractional calculus was confined to the field of pure mathematics but, in the last two decades, many
applications of fractional calculus appeared in several fields of engineering, applied sciences, physics,
economy, etc.

For a complementary study on the recent developments in the field of fractional calculus as well as
its applications see [2-7].

It is important to note that the global fractional derivatives (e.g., Caputo and Riemann-Liouville)
are not collecting mere local information. By contrast, fractional operators keep track of the history
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of the process being studied; this feature allows modeling the non-local and distributed responses that
commonly appear in natural and physical phenomena. On the other side, one has to recognize that
these fractional derivatives D show some drawbacks.

This paper relies on the introduction and use of new differential operators, depending on a general
kernel function, which include at once several fractional derivatives earlier introduced and studied in
many different sources.

As we know, by manipulating simple algebraic identities, we can follow the idea of fractional
differential operators of Riemann-Liouville or Caputo type [8—10]. In this paper we will use a general
kernel T in order to define general integral and differential operators of Riemann-Liouville type:

Y d (¢4
“Dfn) = — (DO, (1.1)
We state the main properties of these integral operators. Furthermore, we study Ostrowski, Székely-
Clark-Entringer and Hermite-Hadamard-Fejér inequalities involving these general fractional operators.

2. Preliminaries

One of the first operators that can be called fractional is the Riemann-Liouville fractional derivative
of order a € C, with Re(a) > 0, defined as follows (see [11]).

Definition 1. Let a < b and f € L'((a,b);R). The right and left side Riemann-Liouville fractional
integrals of order a, with Re(a) > 0, are deﬁned respectively, by

Ky f(o) = T f (t— )" f(s)ds, 2.1
and | ,

RLJ;:-f(r):m f (s = 0" f(s)ds, (2.2)
with t € (a, b).

When a € (0, 1), their corresponding Riemann-Liouville fractional derivatives are given by

1 d (7
(RLD )(t) (RLJI a/f(t)) i )t (tf(ss))a 5,
1 d (7
(RLDa @) = (RLJI o (s )) - : tf (Sf(st))a

Other definitions of fractional operators are the following ones.

Definition 2. Let a < b and f € L'((a, b);R). The right and left side Hadamard fractional integrals of
order a, with Re(a) > 0, are defined, respectively, by

) 1f(s)
_ 2.3
SO = 51 f (2.3)
and
o ) )
Hy f0) = 5o f - (2.4)

with t € (a, b).
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When a € (0, 1), Hadamard fractional derivatives are given by the following expressions:

e 1)) = ¢ L (H PR A ARNIC)
(D5 PO =1 GHF0) = st 5 [ (10g7) L2

-1 d (* s\ £(s)
et | (ef) R

In [12], the author introduced new fractional integral operators, called the Katugampola fractional
integrals, in the following way.

"Dy f)(1) = t—(H1 Yf(t)) =

with ¢ € (a, b).

Definition 3. Let 0 < a < b, f : [a,b] — R an integrable function, and a € (0, 1), p > 0 two fixed real
numbers. The right and left side Katugampola fractional integrals of order « are defined, respectively,

by

" pl—a t sp—l
K0 = fos f e s, 2.5)

and

-« b tp_l
K™ (1) = ﬁ(a) f[ o9, (2.6)
with t € (a, b).

Some generalizations of the Riemann-Liouville and Hadamard fractional derivatives appeared
in [13]. These generalizations, called Katugampola fractional derivatives, are defined as

KD“pf)(t) — —a tr i ft Lf(s)ds
F(l dt J, (- sP)« ’
(o = L & f f)ds
- Q) dt (s — )™ tP)“ ’

with 7 € (a, D).

The relations between these two fractional operators are the following:

EDUF)0) = 1= KT £ (),

dt

EDIP 1) = 11— K, P £ ().

dr

Definition 4. Let 0 < a < b, g : [a,b] — R an increasing positive function on (a, b] with continuous
derivative on (a, b), f : [a,b] — R an integrable function, and « € (0, 1) a fixed real number. The right
and left side Kilbas-Marichev-Samko fractional integrals of order « of f with respect to g are defined,
respectively (see [14]), by

g'(5)f(s)
. _ 2.7
fyar S0 = (@) f (8(t) - g(s)'™ &7
and
g($)f(s)
I(Y _ — 2.8
ab f(@ ) [ (2(5) — g(t))l_a (2.8)

with t € (a, b).
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There are other definitions of integral operators in the global case, but they are slight modifications
of the previous ones, some include non-singular kernel and others incorporate different terms.

3. General fractional integral of Riemann-Liouville type

Now, we give the definition of a general fractional integral.

Definition 5. Leta < b and a € R*. Let g : [a,b] — R be a positive function on (a, b] with continuous
positive derivative on (a,b), and G : [0, g(b) — g(a)] X (0,00) — R a continuous function which is
positive on (0, g(b) — g(a)] X (0, 00). Let us define the function T : [a, b] X [a, b] X (0, 00) — R by

_ G(ls®) - g(s)l. @)

T(t,s,@) 2 0s)

The right and left integral operators, denoted respectively by Jy .. and Ji,,
measurable function f on [a, b] as

are defined for each

J%’a+f(t):f7_'({(—;)a)ds, (31)
b
st = [ s (32)

with t € [a, b].
We say that f € LIT[a, b] ifJ%wal(t), J%b, |f1(t) < oo for every t € [a,b].
Note that these operators generalize the integral operators in Definitions 1-4:

(A) If we choose

g =t,
G(x,a) = T'(a) x'7°,
T(,s,a)=T(e)]t—s',

then J¢ . and Jg,_ are the right and left Riemann-Liouville fractional integrals *“J¢, and *J;_ in (2.1)

and (2.2), respectively. Its corresponding right and left Riemann-Liouville fractional derivatives are

d
(D)0 = — (i fD).
d
Dy )0 = = (5,7 @)
(B) If we choose

g(1) = logt,
G(x,a) = I'(a) x'7°,

l-a

t
TUJ¢02F@O4bg—
S

b
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then J%,w and J;’ ,- are the right and left Hadamard fractional integrals H;), and H}_ in (2.3) and (2.4),
respectively. Its corresponding right and left Hadamard fractional derivatives are

("D f)(1) = t—(H LOF@),

d
("D f)(t) = —t E(Héf“f(r))-

(C) If we choose

gy="~
G(x,a) = T(a)p” x'™,

T(a) |t - s\
pl a Sp—]

b

T, s,a) =

then J7 . and J7, are the right and left Katugampola fractional integrals K7’ and K,* in (2.5)
and (2.6), respectively. Its corresponding right and left Katugampola fractional derivatives are

D™ (1) = 1"~ (Kl (1),
KD )(1) = (K1 “PE(1)).

(D) If we choose a function g with the properties in Definition 5 and

G(x,a) =T(a)x'™,
| g(t) — g(s)'™®
g'(s)
then J7 .. and J7,  are the right and left Kilbas-Marichev-Samko fractional integrals /i’ . and I,
in (2. 7) and (2.8), respectively.

T, s,a)=I(a)

Definition 6. Leta < b and @ € R*. Let g : [a,b] — R be a positive function on (a, b] with continuous
positive derivative on (a,b), and G : [0, g(b) — g(a)] X (0,0) — R a continuous function which is
positive on (0, g(b) — g(a)] X (0, 00). For each function f € LIT[a,b], its right and left generalized
derivative of order « are defined, respectively, by

D} 0) = = 5 (I8 10). -
D} 1) = = 5 (0552 400). |
for each t € (a, b)
Note that if we choose
g =1,
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Gx,a) =T(a) xl_“,
T(t,s,a)=T(a)|t— s,

then
Df . f(0) = "Dg. f(0)
and
DY, f(t) = "Dy f ().
Also, we can obtain Hadamard and Katugampola fractional derivatives as particular cases of this

generalized derivative.

3.1. Properties of the integral operators
The following result collects some elementary properties of J7 . and J7 .

Proposition 7. Let a < b and o € R*. Let g : [a,b] — R be a positive function on (a,b] with
continuous positive derivative on (a,b), and G : [0, g(b) — g(a)] X (0,0) — R a continuous function
which is positive on (0, g(b) — g(a)] X (0, 00). Then the right and left integral operators J%m and JCT"b,
have the following properties:
(1) For every functions fi, f> € LIT [a,b], ci1,co € Randt € [a, b], we have
Jr o (cLfi + o)) = e 7 f1(D) + c2J7 4 fo(0),
Jrp-(cLfi + 2 f2)@) = e, f1() + c2J7 - (D).

(2) For every functions fi, f> € LIT [a,b] with f; < f> and t € [a, b], we have

I3 J1(0) < I3 o),
J5 - i) < T3 ().

(3) For every function f € LlT [a,b] and t € |a, b], we have

|5 £ < T e | £1O),
Jey fO)] < T8, 1£100).

(4) For every function f € Ly[a,b] and t € [a, b], we have

o)

b
Jra SO + T3, () = f Ttsa)

Theorem 8. Leta < b and a € R*. Let g : [a,b] — R be a positive function on (a, b] with continuous
positive derivative on (a,b), and G : [0, g(b) — g(a)] X (0,0) — R a continuous function which is
positive on (0, g(b) — g(a)] X (0, c0).

(1) If for some 1 < p < 00 and M > 0, we have

b 1
‘L T(t, S, a/)P/(P—l) ds <M
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foreveryt € [a,b), then LP|a,b] C LIT[a, b] (we take p/(p — 1) = 1 if p = o). Furthermore, JCT”Q+ and

J2, are linear bounded operators from L?[a,b] to L™ [a, b] with norm at most M*~1/?,

) If T(t,s,@) = ¢ > 0 for every t, s € [a,b], then L'[a,b] C L}[a,b]. Furthermore, J$ o and J3
are linear bounded operators from L'[a, b] to L®[a, b] with norm at most 1/c.

Proof. By using Holder inequality, since 7'(t, s, @) > 0, we have for each ¢ € [a, b]

C) ' )
ﬁwaHSJ%AfW)zjﬂ?%{%Edss]“?%fggds

b 1p, (P 1 (p-D/p
<([ bora)"( [ sommmma)”"

|, < M@DP)£,,

||J%,a+f

: s - ) ' o)
5., FO] < I7,-111(0) = f md*“fa Tasm

b 1p, 1 (p-D)/p
<([ bora)"( [ socams®)

172, A1l < M@=V £,

Hence, J‘T’ﬂ+ |f1(0), J‘Tl’b,l f1(#) < oo for every t € [a, b], and so, LP[a,b] C LIT[a, b]. Furthermore, J%fﬁ
and J§, are linear bounded operators from L”[a, b] to L*[a, b] with norm at most M (=D/p

Assume now that p = 1 and T'(¢, s,@) > ¢ > O for every ¢, s € [a, b]. We have for each ¢ € [a, b]

t b
Je L f@| < T2 A0 = ol ds< L f(s)|ds,
| ’ a | £( L

T(t, s, a)
1
[V Al = < 0,
PG 1
7. F O] < T3, 1f10) = ft T|(j;—i|a)dssz f |f(9)]ds,

1
7l = Z 100

Hence, J7 . Lf1(0), J%b_l f1(t) < oo for every ¢t € [a,b], and so, L'[a,b] C LlT[a, b]. Furthermore, JT ar
and J;f’b_ are linear bounded operators from L'[a, b] to L*[a, b] with norm at most 1/c. O

Theorem 9. Let a < b, @ € R*. Let g : [a,b] — R be a positive function on (a, b] with continuous
positive derivative on (a,b), and G : [0, g(b) — g(a)] X (0,00) — R a continuous function which is
positive on (0, g(b) — g(a)] X (0, 00).

(1) If there exist constants 1 < p < oo and M such that

b 1
—dt <M
n[T@amp ‘

for every s € |a, b, then J%,m is a linear bounded operator from L'[a, b] to L”[a, b] with norm at most

M,
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(2) If there exist constants 1 < p < oo and M, such that

s 1
—dt< M
faT(z,s,aV =

for every s € |a, b, then J%,b_ is a linear bounded operator from L'[a, b] to LP[a, b] with norm at most

1/p
MY,

Proof. By using Minkowski’s integral inequality, since T'(¢, s,a) > 0 and I}, 4(s) = I (¢) for every

t,s € la,b]
o _ ’ bf(S)I[a,t](s)d P \l/p
|p_(f; ' ) m s‘ dt)

L PSP L) e
SI( B dr) "ds

B boorb 1 " J
< [ Faap ) rcoras

1/
< M"1Ifll.

||‘I%,a+f

In a similar way, since I}, ;)(s) = Ij,.4(?) for every t, s € [a, b],

@ "V SO n(s) e \Up
o 1, = ([ ] [ Gt asf'a)

< ([0 1,
- a a T(t, S, a)P

b s 1 1/p
< [ () Ty @) roras

1/
< M, fll.
m

Proposition 10. Let a < b and a € R*. Let g : [a,b] — R be a positive function on (a,b] with
continuous positive derivative on (a,b), and G : [0, g(b) — g(a)] X (0,0) — R a continuous function
which is positive on (0, g(b) — g(a)] X (0, c0).

) If
b f 1
fa f T sap 30 < o

then J7 . is a Hilbert-Schmidt integral operator on L*[a,b), and so, a continuous and compact

operator.
b b 1
f f Py —— dsdt < oo,
a t T(t’ S’ C}{)

2) If
then J7,  is a Hilbert-Schmidt integral operator on L*[a,b], and so, a continuous and compact
operator.

AIMS Mathematics Volume 7, Issue 1, 1470-1485.
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Proof. Denote by I the characteristic function of the set B (i.e., the function such that I3(¢) = 1 if r € B
and Iz(t) = 0if r ¢ B). Then

' b
Jr o f@) = f % ds = f A(t, s) f(s)ds,

where
Iian (s)

T, s, a)

b b ) bt 1
\L‘LVA(I,S) det:‘ﬁ‘Lmdel<%.

Therefore, J; .. is a Hilbert-Schmidt integral operator on L?[a, b], thus, it is a linear compact operator.
This finishes the proof of the first item. The proof of the second one is similar. O

A(t,s) =

We have

3.2. On the Ostrowski inequality in the generalized framework

The utility of inequalities, particularly integral inequalities involving convex functions, is widely
recognized as one of the main elements supporting the development of several modern branches of
mathematics, and so, it has received considerable attention in recent years.

Ostrowski proved in [15] the following interesting inequality:

Theorem 11. Let f : [a,b] — R be a differentiable function. If f' € L*|a, b], then
1 b—ay2 a+by2
< |5 -5

Since then, there are a lot of generalizations and applications of this inequality (see, e.g., [16]). In
particular, Dragomir and Wang generalized this inequality to L”[a, b] (p > 1) in [17] as follows:

fl

(09

1 b
‘f(x) e f f(s)ds
— a a

Theorem 12. Let f : [a,b] — R be a differentiable function. If p > 1, 1/p+1/q =1 and " € L?[a,b],
then

g+l g+l l/e

< (x—a)” +(b-x) ||f'
(g + Db —a)

In this paper we prove a version of this inequality involving our kernel 1/7". The main improvement

is to consider this general weight, but also, we prove the inequality for a larger class of functions, and
we include the case p = 1.

1 b
|f(x)—b— f F(s)ds

|p'

Theorem 13. Let f : [a,b] — R be an absolutely continuous function, and u : [a, b] — [0, o0) given by

1

UnalS) = s

for each fixed ty € [a, b] and a > 0. Assume that

sb)-5@) gy
f < 00
0 G(x, )

AIMS Mathematics Volume 7, Issue 1, 1470-1485.
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for some a > 0. Then

b
f U o(8)ds < 00

MW Ifl<p<ocoandl/p+1/q=1, then

for every ty € [a, b]. Also, we have:

a+b |\
- U

<b +
2

‘f(X) - f F(8) g a(s)ds

f Uiya(s) ds

for every x,t, € [a, b].
) If p =1, then

‘f(x) _ f F(5) tty o(s) ds

7 trya(s) ds
for every x,t, € |a, b].

Proof. First of all, let us check that u,,, € L'[a, b]:

fbu (5)ds = fb ds fb g'(s)ds
. Jo T, 5,00 Jo Glg(to) - g(s)l, @)
f’“ g'(s)ds fb g'(s)ds
= +
« G(glto) —g(s), @) J,, G(g(s) - g(to), )
g(t0)—g(a) dx g(b)—g(t) dx
:fo G(x,a>+fo G(x, )

g(b)—g(a) dx
< 2f < 0
0 G(xa (Z)

Note that fu,, € L'[a,b], since f € L*[a,b] and u,,, € L'[a,b]. We can assume that f* € L?[a, b],
since otherwise the inequality trivially holds.

Let us define m and M as the minimum and maximum values of f on [a, b], respectively. Thus,
we have

m < —f () u,q(s)ds < M.
f ut()a/(s) N

The intermediate values theorem gives that there exists x, € [a, b] with

f(xO)=—f J(8) ty0(5) ds.
fa Uy o(8)ds

AIMS Mathematics Volume 7, Issue 1, 1470-1485.
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Assume first 1 < p < co. Holder inequality gives

1 b
fuy—fy—————jﬁf@n%awds
[ () ds Ja
-1 - feol = | [ ras
Xo
X 1/p x 1/q
< f Lf'(s)|Pds f 19ds
X0 X0
x 1/p
= |x — xo|'? f ' (s)Pds
Xo
<max {x —a, b—x}""||f,.
The desired inequality holds since
b—-a a+b
—a,b—x}= — .
max {x — a, x} 5 +|x 5 ‘
If p =1or p = oo, then a similar and simpler argument gives the inequalities. O

3.3. On the Székely-Clark-Entringer inequality
The following Székely-Clark-Entringer inequality appears in [18].

Proposition 14. If p > 1 is an integer and 0 < xy,...,x, <n— 1, then
n 1/p ) n
(5)" < S
J=1 j=1

In this section we are going to prove a Székely-Clark-Entringer-type inequality for generalized
integrals.

Theorem 15. Consider real numbers a < b, « > 0, 0 < r < pand f : [a,b] = R a measurable
function. Then the following inequality for fractional integrals holds:

coresr N e
(f T(0.s.) ‘“) = l="" (f T(b.5.) ds) | G4
Proof. We have
Pl P If@PTISI L eI
\L‘ T(b,s,a) ds = « T, s,a) ds < 71l j,: T(b,s,a) as,

P N e\
(f T(b.s.a) ‘“) < 17l (f T(b.s.) ‘“) |

AIMS Mathematics Volume 7, Issue 1, 1470-1485.
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The argument in the proof of Theorem 15 allows to obtain a strongly improvement of Proposition 14
(it appears in [19], with a more complicated proof).

Corollary 16. Consider real numbers 0 <r<1<p,A>0and0 < xy,...,x, < A. Then

()" <oy,

j=1 j=1

Proof. The argument in the proof of Theorem 15 gives

1-
1 g < WA,

for any measure ¢ and O < r < p. In particular, since ||(xy, . .., X,)|lo < A, we have
n n
1-r r
Z x; <A Z X
j=1 Jj=1

Thus, the following known inequality

finishes the proof. O

3.4. On the Hermite-Hadamard inequality
The following double inequality

b
st [t

holds for any convex function f on [a, b].

This inequality was published by Hermite in 1883 and, independently, by Hadamard in 1893. It
gives an estimation of the mean value of a convex function and note that it also provides a refinement
of Jensen inequality. Probably the most important extension of this inequality is the so called Hermite-
Hadamard-Fejér inequality

b b b
f(“b) f g(x)dx < f f(x)g(x)dxsw f g(x)dx

2

for any convex function f on [a, b] and any non-negative integrable function g which is symmetric with
respect to (a + b)/2.

The motivated reader is referred to [20] and references therein for more information and other
extensions of Hermite-Hadamard inequality.

In [21] the authors proved the following variant of Hermite-Hadamard inequality for Riemann-
Liouville fractional integrals:

AIMS Mathematics Volume 7, Issue 1, 1470-1485.
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Theorem 17. Let 0 < a < b, a > 0and f : [a,b] = R a convex positive function. Then the following
inequalities for fractional integrals hold:

a+b ol oel fl@) + f(b)
f( : )<2(b (f(b ) f(t)dt+f(t a) f(t)dt) —

Also, in [22] appear general inequalities which are a version of Hermite-Hadamard-Fejér inequality
in the context of fractional calculus.

We now present a slight improvement of Hermite-Hadamard-Fejér inequality, that we will apply in
the context of fractional calculus.

Theorem 18. Let a < b, f : [a,b] — R a convex function and u a finite measure on [a, b] which is
symmetric with respect to (a + b)/2. Then the following inequalities hold:

fla) + f(b)
2

f«+ﬁmmb%i[ﬂﬂw0< u(la, bY).

Proof. Since f is a convex function, we have for s € [a, b]

a+b\ _fa+b-s5+s fla+b—1s)+ f(s)
e Rl e R mt

Hence, we obtain

b b b
f(a; ):“([a’b]):ff(a; )d,u(S)< ff(a+b—s)d,u(s)+ ff(s)d,u(s)

Since u is a symmetric measure with respect to (a + b)/2, we have

b b
f fla+b—s)du(s) = f J(s)du(s),

which gives the first inequality.

In order to prove the second one, the convexity of f gives for s € [a, b]

b-s s—a b-s s—a
Lﬂ®=f(b_aa+b_ab)sb_afm)+b_afwx
s—a b-—s s—a b
f(a+b—s):f(b_aa+b_ b)sb_af(a)+b

f&)+ fla+b—-s) < fla)+ f(D).

Thus,
1 1
Ef f(s)dp(s)+§f fla+b—s)du(s)

b
< f M@@

_f@+ fb)

7 u(la, b]).

AIMS Mathematics Volume 7, Issue 1, 1470-1485.
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Since u is a symmetric measure with respect to (a + b)/2, we have

b b
f Fla+b—s)du(s) = f F(s) du(s),

which gives the second inequality. O

The argument in the proof of Theorem 18 gives the following result.

Proposition 19. Let a < b, f : [a,b] — R a convex function and u a finite measure on [a, b]. Then the
following inequalities hold:

b
f(a)Jer( )#([a’ b).

b 1 b b
f(a; )M([a,b])ﬁi(f f(a+b—s)d,u(s)+ff(s)d,u(s))s

Proposition 19 has the following consequence in the context of fractional calculus.

Proposition 20. Leta < b, > 0and f : [a,b] — R a convex function. Then the following inequalities
for fractional integrals hold:

axb) 1 (["faxb=y IO fla) + f(b)
f( 2 )SZT(Q)( . T(bsa) d”fa mdS)ST, (3.6)

b 1 g(b)—g(a) dx
Ta)= | —— ds = .
@) f Th.s.a) " j; G(x.a)

with

4. Conclusions

In this paper, we present a general formulation of the well-known fractional drifts of
Riemann-Liouville type. Our approach includes the Riemann-Liouville, Hadamard, Katugampola,
and Kilbas-Marichev-Samko fractional derivatives. We state the main properties of these integral
operators in Subsection 3.1. In particular, we provide sufficient conditions to ensure that these
operators are bounded and are Hilbert-Schmidt operators. Also, we study Ostrowski inequality
involving these general fractional operators. Finally, we obtain a kind of Székely-Clark-Entringer and
Hermite-Hadamard-Fejér inequalities for these operators.
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